It is proved that an Artinian module over a commutative ring satisfies (*). We say that a module M over a ring R satisfies (*) if for every ideal A of R there exists a positive integer h such that
Introduction
Throughout this paper, unless otherwise stated, R is a commutative ring with an identity 1 = 0 and M is a non-zero unital R-module. For any submodules N ,L of M , we define (N : L) = {r ∈ R | Lr ⊆ N }. Note that (N : L) is an ideal of R. Moreover, (N : L) = R if and only if L ⊆ N . Let N be a submodule of M and let A be an ideal of R; we set (N : M A) = {m ∈ M | mA ⊆ N }. Note that (N : M A) is a submodule of M .
In this paper, we shall be interested in the following property of a module M over a ring R. Recall that a non-zero R-module M is called P -coprimary if (i) P is a prime ideal of R,
(ii) (N : M ) ⊆ P for every proper submodule N of M , and (iii) P h ⊆ (0 : M ) for some positive integer h. M is called coprimary if it is P -coprimary for some prime ideal P of R. For more information about coprimary modules see, for example, [1] , [2] , and [3] .
A non-zero module M has a coprimary decomposition if there exist a positive integer n and submodules
Artinian modules with property (*)
In this section we shall prove that any Artinian module over a commutative ring satisfies (*). In order to prove this we begin with the following theorem.
Theorem 1. Let R be a commutative ring and let M be an Artinian R-module. Then for every finitely generated ideal A of R, there exists a positive integer q
Proof. Let a ∈ R and A = aR. We have
Since M is Artinian, there exists a positive integer k such that M a
and so
Theorem 2. Let R be a commutative ring and let M be an Artinian R-module. Then for every ideal A of R, there exists a finitely generated ideal D of R such that D ⊆ A and
for every positive integer h. 
Proof. Let
The following example shows that being commutative in Corollary 1 is crucial. Example 1. Let F be any field and let R be the ring of 2 × 2 upper triangular matrices with entries in F . Then R is a right and left Artinian ring but the right Artinian R-module does not satisfy (*).
Proof. Note that
Then A is an idempotent ideal of R and for all positive integer k,
It follows that R = RA + (0 : R A k ) for every positive integer k. 
